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cafl"tul
ldentitili remarcabile
?ntr-un triunghi

,,Fiecare om qre un orizont. Cdnd acest
orizont se ingusteazdfoarte mult, el devine
un punct, iqr omul exclamd: Iald punctul
meu de vedere."

David Hilbert

S 1.1. Identitifi remarcabile cu laturi qi raze

Z@ - a)(a + u)(a + 
") = p(p'+ 5r2 + 8Rr) .

Zo' =2(p' -r' -+nr). Zo' =2p(p' -3r2 -6Rr).

) oo = zlno - n' (tnr + er') + r' (+n* t)'] .

Zb'"t = p4 + n'(zr' -8Rr) +12 (+n*r)' .

Zo' (p - o)' =zr'l4n* r)' - p').

s o(b +")' _ p'-3r' \. (b+c)' p, -3r,/'bc(\p-a) I LFZO-"1= 4Rr3p '

Zo' (n * 
")' 

(p - b)(p - ") = 4 p'z Rr (p2 - 3r') .

>ffi=T@,_3,,)
Z"' (u * 

")( 
p - b)(p- 

") = z prln' (zn - r) - r' (+n* 
")] 

.

=-o(b+")' 27 2>ffi = iLo' 
(zn + r) + r' (4R* ")]'

\a(n+")' (p -o)(p-")= 2rplp'Qn+ r)+r'(4R* 
")] 

.

>m = ?rlo' (zn - r) - r' (t n* ")] .



, a(p - b)(p - c) _ 4t!^ + r) + r2(+n + r)]
- (o * b)' (a + c)" 2p(p, + 12 + 2Rr)2

rr P -a - p2 +5r2 +9Rrz 6*" -{F;7.m4
lUc(O' + c2) = 2 p4 - 8p2 Rr - 2r2 (+n + r)' .

loc (u' + c3 ) = z plp' - o' (2r' + 4 Rr) - 12 (aR'? + t+nr + :r' )] .

5 b2 + c2 _?p' (zn+*)-zr(ln+ r)'
u p-a rp

Z@' *,' ) 
( o - b) ( p - c) =2 p' (zn + 3r' ) - 2r' (+n + r)' .

l(o + c) ( p - b)' ( p - ")' = zr' pl@ n + r)' (z n + r) - p'( on +';] .

>w#4 =*lto^ +,)' (zn +,) - p'(on + ";] .

lnc(u * ")(p - 
b)(p - ") = 2r' plp'+ (+R + r)(zn* ,)] .

. b+c _p'+(+n+r)(zn+r)
z- r1*-a1- ,Rrp

Z" (U * 
")(p - 

b)' (p - ")' = 2r' p' (8R' + 4Rr - r' - n, ) .

5- (b+c)(p-b)(p-") _8.R'+ 4Rr-r, - p,
Lt bc(p - a) 2Rr

- (b+c)' _ p' +12 +loRr
Lbr-zR 2"@ + b)(a + 

") = 4 p(p' - r' - nr).

la'(a+b)(a+c)=4p'(p' -lr'z -+nr) .

s a p'-3rt -4Rr/' b4b+4-rRr@7iil)
s a _z(pt -r' - nr)
L b+c--Vi7 +rRr

s,6+" _p'+r'-2RrL;- n
y[ o )' _Zlpo-p'(+n +ar')+r'(an'+4Rr*,')f
/ t- I --\b+c) (p, *rt +Znr)'

la'z (a + b)' 1o + 
"1' =gp'lpo - r' (+n + 6r,) + r, (6n, + 4Rr* 

"')] .

Purucrr neMancastLE ir{ TRIuNGHt. DtsrANTE. INEoALTATI

sp-o-pt+r'-8Rrz- a- 4R
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+rt -BRr
4Rr

+1")].

I -znr

IDENTITAI Re MnRclette iltrR-uN TRtUNGHt

Z"(r' + c2 - a2)(p - o)(p - ") =Br' plp' - R(4R * 
")] .

\- a' _po -ap'(r' +Rr)+ r'(8n'+6Rr+12)
z' b4b+c)-

la' (a + b) (a + c) = + plpo - 6 p' (r' + nr) + r' (tn' + 6Rr * r' )f .

Z"Q- o)=2r(4R+r). Zo' (p - o) = arp(R + r) .

9

r.
(on+r)].

*,)].

I-

Zo' (p - o) = zln' Qn+ 3r) -, (+n + r)'1.
.Zoo (p - o) = qrplp' (n + zr) - ,(tzn'+ 1 lRr + rr')f -

Zo' ( p - o) = pu - po (anr + Br'z ) + n' (80R' r' + 60Rr3 + 37 ro) - f (an + r)' .

Zo(u+c)= 2(n' +r2 +4Rr) . L"'(u+c)= 2p(p' +r2 -zRr).

Zo' (n+ c) = zlno - + n' nr - r' (4R* ')'] .

Z"* @+c)= zplp^ - n'(en +2r')-r'(tn' +l4Rr+3r')].

Z"' (n+ c) = 3pu - po (zsn + 4312 )+ p' (toon2r2 +r20Rr3 +llra )- r' (+n + r)' .

- (b + c)' _ p(p' + r' - anr)

-r-R
lu"(u + 

")' - 
+p' (p' + r' - 6nr) .

- (b * ")' _zlno + p' (r' -9Rr)+ Rr(r'+ +nr)]

-"R,
luc(u + c)3 =tploo * p' (r' -9nr)+ Rr(r'+ +nr)] .

-")=4p(p' -r' - nr). - (b * ")' _ pt + 12 +l)Rr
Lb"-ir.' =(b* ")t _po +2op2Rr-r'(+R+r)'

Lb"-,Rp

la(u + 
")' = 2lpo + 20p2 Rr - r' (+n* ")'] .

l(u+c)' =z(3p' -r' -+nr).

l(u + c)' (p - r)(p - ") = 2(t o' - r' - +nr) .

I b2c2 _ po + p, (zr, -nnr)+r, (+n+ r)
(p -u)(p - ")

2r
zRr

I

+aw+r')f.
Zb'"' (p - o) = plpo + p' (2r' -r2Rr) + r' (4n* 

')J 
.
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y a _2(an+r)/'@-b)(p4=-,p-'

Purucre nrvnRcnsrLr iN rRtuNGHt. Drstervle . lrurenurAlr

s o' _ a(R+r)
/-(e 4)(e - c)= -;- '

satL(p 
-b)(p - c)

s ai _olu'@+zr)-r(tzn' +lIRr+2r,)]
"(p -b)(\pA '

ta-
" (p -u)' (p - r)'

,b2 +c' -a2 _sp' -(+n+ r)'
t? b+c-a p

=-. I I
Lb"- 2Rr'

s (bf c)' _+p(n+zr)=-"p-ar

b2 +c2 p2 +r2 -2Rrsu -rc _p -fr -Lb"-2R,

- (b+c)' p2 +r, +lORr
.-t bc ZRr

5b' +c2 -a2 po -8p'Rr-r'(4R+r\'
o 2Rrp

' 
6'+c2 -a' _5p' -r'(+n+r)'

t-- ap

s (p -rxo - c) _ n' (tnr 4r') + r' (4R + r)'/.- =
- b+c zp(p, +r2 +2Rr)

>#=o['.i)
s b" 

^^^2 A r(n'+5r2 +8Rr)
) 

-Cnc-
- b+c 2 2(n, +r2 +2Rr) '

loc(n+c)= 2p(p' +12 -znr).

\. r _ po + p'(zr' -mr)+ r'(4R+r)'
_ a, I6R2r2p2

s- P-a
2 b+" 2(n'+r'+zRr)'

p2 +5r2 +9Rr

Z"' (p - ")' 
:2r' 

[{o* * ,)' - p'l .

\- I _ p'+r'+4Rr
L;--- 4Rp '
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l(u+c)' =z(zp' -r' -+nr).

11

\-l-L b+"-
5p2 +r2 +4Rr

zp(p'+r'+2Rr)'

I
toRr3 +37ra)-f (4R+r)3

n=*l(ry)'.']

zp(p' + 12 +2Rr)

.." a(b+c) 4Rp
t 

-=_

/-/ p-a r

\- p _2(2n-r)/- p_a- r

I _2(aR+r)
@-n)@-u)

.. (p - bXp -')
t _:/-/ bc

x.p-a _4R+rLb"-np
po + p'(rr' -t2Rr)+ 13 (4R+ r)s P-a

Lo' I6R2r2 p

Zo(p-o)=2r(aR+r).
s a _+n(+n+ r)-2p2
z-ti-J - 2

\p-a) r P

s I _ (+n+r)'-zp'/,-@i----7V-
sp-4_ p2+5r2+8Rr
L b+c

2Q o - o)(2 p + b)(z p+ c) = z p (ts p'

lIQp + a) = zp(g p' + r' +6Rr) .

sP-a -pt+r'-8RrL 
"- 4R '

Zb - o)' = p(p' -r2Rr) .

Zo'(p-o)=arp(R+r).

po + p' (ton" +2r')+r'(4R+r)'

rp

2R-r
2R

s | 4R+r) 
--=_u p-o rp

s I _ p'+(+n+r)'
/'a(e-,,) -@-
=. 

(p-bXp
L

-c) _(+n+r)2 -zp'?

tr bt
L b+c-

p-a

-(p-")'-La-

p

n(n'+r'-onr)
4Rr

'+r'-2Rr
2Rr

tz +12 +l}Rr

+5r2 +8Rr
2 +r2 +2Rr)'

=b'l{+n*r)' - prf .

Y4Rr

L'Q - o)' =2rp(2R-r).

>a(p 
- b)( p - c) 

= 4R(4R + r) _ 2p, .H p-a

4R+r)2

- 10.Rr

+6R '

Ir
2r
2r

a2=zr

-15p'-
,v7

)'

1

Z"'Q-o - o'1.

s2p-at 

-=

L2p+o

-r' -rcnr).

s p-d _4p'-r'-l6Rr
z. p+a--G;7 +BRr:

Zb-")'- p'-zr' -8.Rr.

s p-a _ p' -2r2 -BRrL(a-b)(e-c) --7p
\. a' _4p(R-r)
z- o-"
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Zo' (p - o)=zrln'Qn+zr)-,(+n+ r)'f .

s o' _U 9n- 3r) + zr'z (+n + r)
-p-a r

}b-o)^ - po -r6p'Rr+2r2(+n+r)'.

\. I _ po + p'(zr' -+n )+r(+n+r)t/ ---:--:--'-- =-
- a" (p-a) l6R2r2p3

Z"' @ - b)(p - ") = +rp'z (n - r) .

, a(r+c) 
=4RpLr p-a r

Zo(o * ")(p -b)(p - ")= 
4Rrp2 .

s'(p-a)(p -c) _ 2r(R+r)
z'T'+b)G+c)=Vz *r1ur'
Z"'@+b)(a+c)= qp'(p' -3r2 -+nr) .

lnc@+")' =4p'(n' -zr' -aRr).

s a p'-3r'-4Rr
/- bc(b+4-rRr@;7;n4

Zb'"' (p - o) = plpo + p, (zr, -t2Rr) + f (4n* ,)] .

L"b - o)' = zrlznp' - r (+n * r)'f.
y(P-")' =t- |
Lt bc - 

2R'
x- (p-")' _2Rp' -r(+n+r)'Lb"-np

' 
I , _p'(r-8R)+(qn+r)'

" o(p - o)' 4Rr2 p3

s. a(b+c) l2RL(;:q(\p_c)=;'

I(a * 4@ - o)(p - ") = arp(R + r) .

- (6+c)' _La-
n(n' + r' -6nr)
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Z"' @ -b)(p -")=2,plp'Qn-sr)+ r'(+n* ')].
Zb'"'(p-n)
sbc\ _-L o(p-a)- 4p2Rr

' +r' -8Rr

(p - ") = r'lp' (n' * 2r' - aRr) + r (+n* 
")' ] 

.

p' (p' +2r2 - 4Rr) + 
"(+n 

+ r)'

_ 
p'z (r -8n) + (4n + r)3

4Rr2 p3

t2R
'c) r
n)(p-")=4rp(R+r) .

,(pt +r'-6nrl
Rr

'Rp'-r(4R+r)'
2Rp

-- 
P' -2" -8R,

-")' ,o p'
'(gn'+r'-p')

r'

\tr I -PL 4p_b)(p_c)--

Z@-t)(p-")= r(+n+r).

--1\-=u ur(o -u)(p -")

Zu"(p-o)= n(n'+

la(b+c)(p-a)=IzRrp

\-l_L d (\p -b)(p - c)-

4R+rffiv
(p -t)(p - ")

I

r'-Bnr) t
(p-u)(p-"\

2a

(p-b)(p-"\

po + p'(zr'-tzn )+r'(+n+r)
l6p2 R2ra

4Rr3 p

2r

p

=

I
I
I 1

2'r

oft*4).f 'J

bc

-=
p-a

p'+(+n+r)'

pt +r' -8Rr

Z@ - n)' (p - r)' =,'IFR + r)' - z p').

Z"@ - b)' (P - ")' =zr' P(tn' +2Rr - P') '

p'(2R+3r)-r(4R+r)
rp

="lP' +(+n+r)']'

p' + r' -l2Rr) .

c)

t'(

p-c)

')(P-'
,2t) =p

at

m
-b

-a

b)(p -,
b"(P

b"(P

T

I
I s 1 _2R-rL bc(\p -- a)- zn 'p

\-p-a _4R+rLb"-rRp-(p- o)' _2R-,L b" -n

t b" =1*[an+']'up-o I p ) r"(;.:)= p' +12 -2Rr

Zqk - o)o =zslznp'z +,(,' -2Rr -24R')f .

2Rr
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Purucre nrManclerLe iN TRtuNGHt. Drsrnrup. lrueenurAlr

s (p -a)o _2Rp' + r(r' -2Rr -24R'z)
Lt bc 2R

Zo' (p - o) = +sln' (n + zr) - r(zr' +ttRr+ rzn'?)] .

'. 
o' (p - o) _ t q: rr) - r(zr' +1 lnr+ :uR'z)

=HbcR

Lo(p - o)t = 4p2 Rr -zr'z (+n + r)' . s,14: ")' _2p' R - r (+n + r)'
L/ bc 2Rp

S,p-a _R+r/- b\, - 4RT'
y (b+")(p-")_.
Ll t ''rrc

1- p-4 _AW(tnn' +t6Rr +r9r2)-tr' (+n+r)'L;g;4=
Z"Q - ")("' + b')(a' + c2) =

= pu + no (tn -9rr)+ prr, (tnn, +fl6Rr +I9rr)_lrt (+n+r)t

la'(zu'+2c2 -a')=rlo^ + p2(1012 -Snr) +r2(4R*r)'f.

lIPn' +2c2 - o')=alpu + po - p, (A}nrr, +!20Rr3 +Tra)-r'(+n*r)r] .

la' (a + U)' (a + 
")' = 8 p' 

loo - o' (a nr + rcr, ) + r, (20 R, + I 8Rr + sr' )] .

\. a, _zplp^ - n'(anr+1012)+r'(zon' +l8Rr+sr')l
- (b + c)' (p, * ,t + 2Rr)'

5 (p-a)(p-c) _ po + p'(zr' -+n )+r(+n+r)'-/ -----------'-=H a, r6R2p2

ll(a * 4 = 2p(p' + r2 + 2nr).

loc(a+n)(a+c)= po + p2(ron +2r')+r, (+n+r),

Yl_u o(n+c)

po + p'(l6Rr +2r,)+r, (4R+r)t
BRrp'(;1r\24-

I(a * Q' @ + b)(a + 
") =8p, (p, * r, + 2Rr).

I

0

4

bc

I
I

p'z (r -2R)+ (+R + ')'-b)*"(p-")
o(p - o)

p-o)(p-4lb


